The relative contributions of explicit and dynamical chiral symmetry breaking in QCD models of the quark-gap equation are studied in dependence of frequently employed ansätze for the dressed interaction and quark-gluon vertex. The explicit symmetry breaking contributions are defined by a constituent-quark sigma term whereas the combined effects of explicit and dynamical symmetry breaking are described by a Euclidean constituent-mass solution. We extend this study of the gap equation to a quark-gluon vertex beyond the Abelian approximation complemented with numerical gluon-and ghost-dressing functions from lattice QCD. We find that the ratio of the sigma term over the Euclidean mass is largely independent of nonperturbative interaction and vertex models for current-quark masses, m u,d (µ) ≤ m(µ) ≤ m b (µ), and equal contributions of explicit and dynamical chiral symmetry breaking occur at m(µ) ≈ 400 MeV. For massive solutions of the gap equation with lattice propagators this value decreases to about 200 MeV.
I. INTRODUCTION
Strong interactions are singularly characterized by a most effective mass-generating mechanism driven by dynamical chiral symmetry breaking (DCSB). The scope and magnitude of the mass generation are unlike that observed in quantum electrodynamics, for example, and the origin of this chiral symmetry breaking is thought to be intimately related with confinement [1] . Indeed, the emergence of a constituent quark-mass scale and the fact that DCSB contributes to nearly 98% of visible mass has become a paradigm in contemporary hadron physics [2, 3] .
The impact of DCSB is evident in the light sector and plays an eminent role in describing why the nucleon's mass is about two orders of magnitude larger than that of its three bare constituents. For heavier quarks, starting with the strange quark, the effect of DCSB is gradually attenuated and the b-quark's constituent mass is almost completely due to the Higgs mechanism [4] [5] [6] [7] .
As a suitable measure for the effect of DCSB one can use the dimensionless ratio σ f /M E f [5] , where σ f is the constituent quark's sigma term and M E f is a Euclidean constituent-quark mass. This ratio quantifies the contribution of explicit chiral symmetry breaking (CSB) to the dressed quark-mass function compared with the sum of both CSB and DCSB. It turns out that somewhere between the strange-and charm-quark mass the effects of CSB and and DCSB are of the same order [5, 7] . Moreover, while the weak decay constants of light pseudoscalar and vector mesons increase with the light current-quark mass, they level off somewhere between the strange-and charm-quark mass and fall off for heavier quark masses as f M = 1/ √ M M [1, 8] . On the other hand, the weak decay constants of radially excited quarkonia can be shown to vanish in the chiral limit but though suppressed, their values increase again in a mass range somewhere between thess andcc quarkonia [9] [10] [11] . Clearly, dynamical effects on the dressed-mass function in the intermediate range between these two current-quark mass scales have a substantial impact on hadronic observables; an analogue observation is that SU(4) F flavor symmetry is badly broken compared with SU(3) F [12] [13] [14] .
In continuum approaches to Quantum Chromodynamics (QCD), such as the Dyson-Schwinger equation (DSE) for the quark, the strength of DCSB is governed by two ingredients in its integral kernel: the gluon dressing function [15] [16] [17] and the dressed quark-gluon vertex [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] . Failure to produce sufficient support result in a Wigner solution of the gap equation and thus any symmetrypreserving truncation must compensate for lacking interaction strength [37] . The question arises how the pattern of DCSB and the relative effects between CSB and DCSB, for a given flavor, depend on the simplifications applied to these kernels. It turns out that the contributions of CSB and DCSB to the constituent-quark mass are approximately similar halfway between the strange and charm current-quark masses in the leading symmetry-preserving truncation of the quark's DSE and given functional form of the model interaction, namely the Maris-Tandy model [37] .
Including additional tensor structures of the dressed quark-gluon vertex is commonly compensated by readjusting the infrared-interaction strength of this model "dressing" function; the functional form of the quark- mass function as well as the position of associated complex-conjugate mass poles are consequently modified [38] . We here contribute to gain additional insight in DCSB by studying the quark's DSE for different interaction and quark-gluon vertex ansätze, including the MT model, its more recent modification which reflects the results of modern DSE and lattice studies on the gluon propagator [39] , the leading rainbow truncation, the Ball-Chiu vertex and transverse tensor structures of the vertex. It is found that the behavior of the renormalization-point invariant ratio, σ f /M f , as a function of the current-quark mass is nearly independent of the integral kernel formed by the convolution of the vertex-and gluon-dressing functions. On the other hand, for a given flavor and interaction tuned to reproduce light-hadron observables, the Euclidean mass, M 
II. QUARK DYSON-SCHWINGER EQUATION
The DSEs are the quantum equations of motion of a field theory and can be derived starting from the path integral formalism. As such, they are described by an infinite tower of coupled exact integral equations. In QCD, the quark fields obey a DSE [1-3, 40, 41] for a given flavor, diagrammatically depicted in Fig. 1 ,
where q = k − p, Z 1 (µ, Λ) and Z 2 (µ, Λ) are the vertex and quark wave-function renormalization constants, respectively, and µ is the renormalization point. Infinite
1 We employ throughout a Euclidean metric in our notation:
radiative gluon corrections yield the quark self energy which modify the current quark bare mass, m bm f (Λ), and where the integral is over the dressed gluon propagator, D µν (q), and the dressed quark-gluon vertex, Γ
; the color SU(3) matrices, λ a , are in the fundamental representation. In the integral, the abbreviation 4 represents a Poincaré-invariant regularization with the regularization-mass scale Λ. We work in Landau gauge, where the gluon propagator is purely transversal,
which defines the gluon-dressing function ∆(q 2 ). The solutions to the gap equation (1) for spacelike momenta, p 2 > 0, can be decomposed into a vector and scalar piece,
and the renormalization condition,
is imposed. Typically, in conjunction with the MT model discussed below, A f (p 2 ) is renormalized at a large spacelike momentum, µ = 19 GeV Λ QCD . More recent numerical results of the quark propagator's dressing functions from lattice QCD also allow for a much lower renor-
is determined with another renormalization condition,
where m f (µ) is the renormalized running quark mass:
is the flavor dependent mass-renormalization constant and Z f 4 (µ, Λ) is the renormalization constant associated with the Lagrangian's mass term; Z 2 and Z 4 are fixed by the renormalization conditions in Eqs. (4) and (5). Notably, m f (µ) is the quark-mass function evaluated at a particular deep spacelike point, p 2 = µ 2 , which makes contact with perturbative QCD:
Finally, we remark that the renormalization-group invariant current-quark mass can be inferred from,
where γ m is the anomalous mass dimension.
A. Quark-Gluon Vertex
Due to asymptotic freedom, the behavior of the kernel at large momenta is known in perturbation theory in the domain q
2 from which one can derive a sensible model for realistic DSE calculations [23] given by,
2 /q 2 is the free gluon propagator. In Eq. (9), the Abelianized Ward-GreenTakahashi identity (WGTI),
has been enforced, Z 1 = Z 2 , which at one loop corresponds to neglecting the contributions of the three-gluon vertex to Γ µ (k, p). Formally, this is equivalent to setting the renormalization constants for the ghost-gluon vertex and ghost wave function equal:
We therefore employ the ansatz,
where an additional factor Z 2 is included [42] to ensure the renormalization-point independence of the mass function M (p 2 ). When the Abelian approximation, Z 1 = Z 2 , is used along with the rainbow-ladder (RL) truncation truncation, Z 1 = 1, it preserves the one-loop anomalous dimension of M (p 2 ) [43] . Therefore, we also absorb the renormalization constants Z 2 2 from Eqs. (9) and (11) into the function G(q 2 ) in case of the MT model (18) , which effectively describes the effects of both, the gluon and the vertex dressing.
To go beyond this approximation, we treat the case of the Ball-Chiu (BC) ansatz [33, 34] which satisfies Eq. (10) by construction,
with the compact definitions,
, [44] which models the anomalous chromomagnetic moment,
325 and introducing the function:
.
Adding these transverse components to the Ball-Chiu vertex the nonperturbative quark-gluon vertex becomes the linear sum,
Independent of perturbative results, the transverse dressing functions can be derived from Lorentz symmetries using a set of transverse WGTIs [45] [46] [47] and their functional form in the Abelian case can be found in Refs. [22, 26] . In QCD, on the other hand, the fermion-gauge vertex satisfies a Slavnov-Taylor identity (STI) [48, 49] which also leaves the transverse component undetermined. The studies of the Abelian transverse vertex identities were generalized to transverse STIs which lead to expressions that depend on the scalar-and vectorquark functions but also on the ghost dressing function, the quark-ghost scattering amplitude and on a nontrivial, nonlocal four-point function which is a consequence of gauge invariance [50] . The latter term involves a Wilson line in QED and QCD and can be parametrized most generally by four tensor structures and corresponding form factors; similarly the most general quark-ghost scattering kernel consists of four matrix-valued amplitudes which can be computed within a nonperturbative dressed propagator model [9, 25, [27] [28] [29] .
Expressions for the transverse vertex function derived from transverse STIs and constrained by pQCD [30] that satisfy multiplicative renormalizability will be presented elsewhere [51] . A simplified, minimal form of this novel vertex can be expressed by,
where G(q 2 ) is the ghost dressing function and X 0 (q 2 ) the leading form factor of the quark-ghost kernel [20, 25] . Additional form factors for arbitrary momenta were obtained in Ref. [28] and can readily be included. For the present purpose their contributions can be neglected and we also set X 0 (q 2 ) = 1 [20, 21] .
B. Gluon Interaction Models and Lattice QCD Dressing Functions
An interaction ansatz for G(q 2 ) that has proven its merits in meson and baryon phenomenology is the MT model [37] and can be decomposed as,
whereα PT (q 2 ) is a monotonically decreasing and regular continuation of the perturbative strong coupling in QCD and G IR (q 2 ) is an ansatz for the interaction in the infrared domain of squared momenta. G IR (q 2 ) is strongly suppressed for q 2 2 GeV 2 whereα PT (q 2 ) dominates. In all instances we use,
GeV. This functional form preserves the one-loop renormalization-group behavior of QCD in the gap equation. The low-momentum range of the MT model is described by a Gaussian-type support that vanishes in the infrared,
More recently, though, a modified version of this function was proposed [39] which deliberately avoids the q 2 -factor and therefore leads to an infrared massive and finite interaction:
We stress that neither models, Eqs. (18) and (19) , in conjunction with Eqs. (16) and (17) can be expressed via a non-negative spectral density. It is also a feature of these interactions that they are virtually insensitive to variations of 0.4 ≤ ω ≤ 0.6 so long as the product Dω remains constant. It is crucial, though, that the form and parametrization of these models provide enough strength to realize sufficient DCSB. We here use both interaction ansätze in studying the interplay of effects of CSB and DCSB for different quark flavors in Section III. Along with the vertex ansatz in Eq. (15) derived from longitudinal and transverse STIs, we make use of Padé approximations [52, 53] for unquenched (N f = 2+1+1) lattice-regularized ghost-and gluon-dressing functions, G Latt. (q 2 ) and ∆ Latt. (q 2 ) respectively [54] . The integral kernel in Eq. (9) thus becomes,
C.
The Quark Sigma Term and Constituent Quark Mass
A convenient parameter to study the effect of DCSB is the renormalization-point invariant ratio,
where σ f is the constituent-quark sigma term and M E f is the Euclidean constituent mass. In analogy with the nucleon's sigma term, one defines a measure of the contribution from CSB to the constituent quark mass by σ f := m f (µ) Q|q f q f |Q and using the HellmannFeynman theorem [55, 56] this scalar matrix element can be directly related to the constituent-quark mass,
where M E f is the the Euclidean mass functions solution [1] :
Since M E f contains both, the CSB and DCSB contributions to the quark's mass, the ratio ζ is zero in the chiral limit and increases with larger current-quark mass: 0 ≤ ζ ≤ 1. The case ζ 1 is expected for the top-quark mass.
III. NUMERICAL RESULTS: DCSB AND CSB INTERPLAY AND INTERACTION KERNELS
The quark-gap equation (1) is numerically solved for the three quark-gluon vertices and dressed interaction models detailed in Sections II A and II B, where the model parameters ω and D are chosen such that for a given interaction kernel the experimental light-hadron mass spectrum and weak decay constants are reproduced. We collect them in Table I and use the same parameters for all quark flavors.
The renormalization conditions (4) and (5) are imposed at µ = 19 GeV for the vertices in Eqs. (11), (12) and (14) for both the MT and QC interactions. The nonperturbative quark-gluon vertices in Eqs. (12) and (14) are multiplied by a renormalization constant Z 2 , which introduces a renormalization factor Z 2 2 on the right-handside of Eq. (9) . In case of the MT interaction we always absorb Z 2 2 in the interaction function G(q 2 ) whereas it is explicitly maintained for the QC interaction; this leads to linear and nonlinear renormalization conditions, respectively [57] .
The STI vertex (15) (17) and (19) and the BC +T vertex (14) .
In Table II we report the numerical values for the Euclidean constituent quark masses, M E f , obtained with the different combinations of interaction and vertex functions that enter the DSE kernel (1) . As an illustration of the mass functions, we plot them for four flavors and in the chiral limit in Fig. 2 for the case of solving the DSE with the BC +T vertex (14) and the infrared-finite QC interaction (19) . The functional behavior is similar for other vertex ansätze, however the dressed mass M (p 2 ) tends to reach its perturbative limit faster in the RL truncation than with the BC or BC + T vertices as a function of p 2 . The common and more important feature is the mass function's fast rise and inflection point in the range, 1 GeV 
GeV
2 , which can be traced back to the lack of positive-definite spectral function of the quark propagator and thus confinement [1, 2] .
It is clear from Table II and Fig. 2 that DCSB plays a substantial role even for the charm quark since it is responsible for nearly 40% of its constituent mass. Therefore, a careful treatment of heavy-light mesons ought to take this feature into consideration and abandon a , generated by the interaction produced by Eqs. (16), (17) and (19) with (ωD) 1/3 = 0.52 GeV, ω = 0.50, and the dressed quark-gluon vertex of Eqs. (12) to (14) Table I. constant-mass propagator for the charm [9] [10] [11] [12] [13] [14] .
The core results of this study are summarized in Table III and Figure 3 , where we depict the evolution of the ratio ζ as function of the renormalized current-quark mass for the quark-gluon interaction models listed in Table I. We recover the well-known results for the RL truncation that the constituent-quark mass in case of a light quark is roughly 98% due to DCSB, whereas for the bquark it is merely about 15%. Strikingly, it can be inferred from Table III that this observation is nearly inde- MeV, an inflection point is followed by a continuing and later attenuated increase of ζ towards its limiting value. In the RL truncations this increase beyond 0.5 GeV is slightly lower, indicating an enhanced DCSB contribution for heavier quarks compared to the vertices in Eqs. (12) and (14) .
As mentioned earlier, we treat the DSE kernel in Eq. (20) separately for the sole reason the lattice-QCD simulations for the ghost and gluon propagators were performed with dynamical light quarks which range from 20 to 50 MeV [54] at µ = 2 GeV. For consistency, we choose m u,d (2 GeV) = 40 MeV evolved to µ = 4.3 GeV which is where the conditions (4) and (5) are imposed.
As a consequence, for the light quarks in Table IV the CSB contribution to the constituent quark mass is disproportionally dominant when compared to the ζ values in Table III -for light quarks one starts out with ζ u,d = 0.377, see Fig. 4 . In other words, the value of the ratio of CSB to the sum of CSB and DCSB is 0.38. Since the Euclidean constituent mass M E u,d is about 45% lighter with the lattice-generated interaction and the STI vertex (15) , it is clear that important tensor structures responsible for DCSB were left out. The complete structure will be discussed elsewhere [51] and produces DCSB in amounts comparable to that exhibited in Table II. Nevertheless, the chiral symmetry breaking strength of this minimal vertex ansatz, which does not rely on any model interaction, produces realistic constituent-quark masses for current quark masses beyond ∼ 100 MeV. Therefore, the increase of ζ in Fig. 4 is initially nearly linear on logarithmic scale with again a slight inflection point at about m(µ) ≈ 400 MeV, whereas at m(µ) ≈ 200 MeV CSB and DCSB appear to be of equal importance. The latter observation departs somewhat from what is seen in Fig. 3 where equal contributions occur at m(µ) ≈ 400 MeV.
IV. FINAL REMARKS
In this work we have investigated for which range of current quark masses the balance of CSB and DCSB is comparable in dependence of:
• a chosen nonperturbative gluon-interaction model,
• an ansatz for the dressed quark-gluon vertex,
• a DSE kernel based on a minimal vertex from STIs and lattice-gluon and -ghost propagators.
As we have seen, this occurs somewhere midway between the strange and charm mass and is fairly independent of the ingredients in the quark-gap equation. While the gauge-dependent quark-mass function, M (p 2 ), reaches its perturbative limit faster in the RL models considered here than with gauging-technique vertices, the ratio ζ proves to be largely independent of the details of the integral kernel in the quark DSE. This, however is true when the combination of vertex and gluon dressings produces an interaction strength and functional form congruent with that required by hadron phenomenology, i.e. which reproduces the experimental hadron mass spectrum, weak decay constants and electromagnetic form factors.
We went a step further and analyzed the DCSB of a nonperturbative quark-gluon vertex model whose "longitudinal" components constitute a ghost-improved BallChiu vertex [20, 25] , whereas the transverse vertex consists of relevant tensor structures derived from two transverse STIs [50] . We deliberately neglect contributions from the quark-ghost scattering kernel, as their effect is of minor order than that of the transverse vertex. Solving the DSE with kernel of Eq. (20) we find massive solutions with considerable DCSB, attenuated for the light and strange quarks and similar to that of phenomenological interactions for the heavy quarks.
This latter DSE kernel does not satisfy the requirements for a sound description of hadron properties, yet crucial improvements are underway [51] and the only inputs are gluon-and ghost-dressing functions for which numerical solutions of DSEs or from lattice QCD are readily available. For the present purposes, this minimal STI vertex suffices to verify that CSB and DCSB are of roughly the same order at a mass scale of about 200 MeV, i.e. between the strange-and charm-quark mass.
